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Abstract
Let D> 2 be a square-free integer and deﬁne a direct graph G(D) such that the vertices of the
graph are the primes pi dividing D, and the arcs are determined by conditions on the quadratic
residues (pi/pj ). In this paper, our main result is that x2 − Dy2 = k, where k = −1,±2, is
solvable if the corresponding graph is “odd”. Being “odd” is a complicated technical condition
but we obtain a new criterion for the solvability of these diophantine equations which is quite
different from that obtained by Yokoi in 1994. The solvability of these diophantine equations
are related (by a theorem of Moser) to the stufe (the minimal number of squares −1 is the
sum of integral squares) of an imaginary quadratic number ﬁeld. We obtain an explicit result
that the stufe is 2. Finally, we easily prove some results (originally proved by Hsia and Estes)
on the expressibility of integers in an imaginary quadratic number ﬁeld as sums of 3 integral
squares.
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1. Introduction
Let D > 2 be a ﬁxed square-free integer. We shall consider the solvability of the
following three diophantine equations
x2 −Dy2 = −1, (1.1)
x2 −Dy2 = −2, (1.2)
x2 −Dy2 = 2. (1.3)
Perron [11, pp. 106–109] proved that for D > 2, at most only one of the above Eqs.
(1.1)–(1.3) is solvable in integers. Let F = Q(√D) be a real quadratic number ﬁeld
and D = (tD + uD
√
D)/2 > 1 be its fundamental unit. It is clear that the negative
Pell equation (1.1) is solvable equivalent to the norm of the fundamental unit of F
is −1, that is NF/Q(D) = −1. There is a vast literature on the solvability of (1.1),
see [2,8,13,14,17]. Barkan [1] studied the solvability of (1.2) by using the continued
fraction algorithm for
√
D. Let
AD = {a; 0a < D, a2 ≡ 4NF/Q(D) (modD)}
and
(A,B)D = {(a, b); a ∈ AD, a2 − 4NF/Q(D) = bD}.
Then Yokoi [19] proved that there are uniquely determined integers mD and (aD, bD) ∈
(A,B)D such that
{
tD = DmD + aD,
u2D = Dm2D + 2aDmD + bD.
Moreover in [20], he proved the following results: if (aD, bD) = (D − 2,D − 4),
then (1.2) has integer solutions; if (aD, bD) = (2, 0), then (1.3) has integer solutions.
Furthermore, he conjectured that this sufﬁcient condition may also be necessary. Yuan
[21] solved this conjecture afﬁrmative by discussing the solvability of the more general
equations kx2 − ly2 = 1, 2.
In this paper we give sufﬁcient conditions for the solvability of the diophantine
equations (1.1)–(1.3) in term of a certain graph. The vertices of the graph are the
primes pi dividing D and the arcs are determined by conditions on the quadratic
residues (pi/pj ), see Section 2. Our main result is that such an equation is solvable
if the corresponding graph is “odd", being “odd" see Deﬁnition 2.2. We thus obtain a
new criterion for the solvability of these diophantine equations which is quite different
than that obtained by Yokoi in 1994. At least for D with few prime factors, our criteria
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are easier and in fact we state a simple explicit result when D has 3 or fewer prime
factors.
Let K = Q(√−D) be an imaginary quadratic number ﬁeld, where D > 0 is a
square-free integer and OK the ring of integers in K. Then
OK =


Z
[√−D] , −D ≡ 2, 3 (mod 4),
Z
[
1+√−D
2
]
, −D ≡ 1 (mod 4).
It is easy to see that −1 can be expressed as a sum of squares in K. Deﬁne the smallest
number of squares possible in such a representation of −1 is called the stufe of K and
is denoted by s(K).
Moser [9] proved the following result: For any imaginary quadratic number ﬁeld
K = Q(√−D), where D > 0 is a square-free integer. Then
s(K) =


1, D = 1,
4, D ≡ 7 (mod 8),
2, otherwise.
Let the stufe of OK (deﬁned as for ﬁeld K) be s(OK). How to determine s(OK)?
It is clear that if D = 1 then s(OK) = 1. Suppose D > 1, Moser [9] also solved this
problem, that is,
s(OK) =
{
4, D ≡ 7 (mod 8),
2 or 3, D ≡ 7 (mod 8).
In particular, if D ≡ 3 (mod 8) then s(OK) = 2 if and only if x2−Dy2 = −2 is solvable
in integers; if D ≡ 1, 2, 5, 6 (mod 8) then s(OK) = 2 if and only if x2−Dy2 = −1
is solvable in integers.
Using odd graph, we can give some explicit sufﬁcient conditions that the stufe of
OK is 2.
It is well known that all positive integer v are sums of four squares in Z (Lagrange)
and such a v a sum of three squares if and only if v = 4a(8b + 7) (Legendre). How
to extend these results to an imaginary quadratic number ﬁeld K = Q(√−D), where
D > 0 is a square-free integer? Let
SD = { ∈ OK |  can be expressed as a sum of squares in OK}.
Then
SD =


Z
[
2
√−D] , −D ≡ 2, 3 (mod 4),
Z
[
1+√−D
2
]
, −D ≡ 1 (mod 4).
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Suppose D > 2, we can prove the following result:
(1) If D ≡ 1, 2 (mod 4) without any odd prime divisor p ≡ 3 (mod 4) and G(D) is
an odd graph, then every element in SD can be expressed as a sum of three integral
squares in K.
(2) If D ≡ 3 (mod 8) without any odd prime divisor p ≡ 5 or 7 (mod 8) and G(D)
is an odd graph, then every element in SD can be expressed as a sum of three integral
squares in K.
We extend the results in Hsia [5] and Estes and Hsia [3], see Section 5.
2. Odd graphs
We use standard terminology of graph theory. Let G = (V ,E) be a (simple) directed
graph, say V = {v1, v2, . . . , vn} the vertices of G and E(⊆ V ×V ) the arcs of G. The
adjacency matrix of G is deﬁned by
A(G) =


0 a12 · · · a1n
a21 0 · · · a2n
· · · · · · · · · · · ·
an1 an2 · · · 0

 = (aij )1 i,jn,
where
aij =
{
1 if i = j and −−→vivj ∈ E,
0 otherwise.
Let
di =
n∑
j=1
aij
be the outdegree of the vertex vi(1 in) and
M(G) := A(G)−


d1
d2
. . .
dn

 =


−d1 a12 · · · a1n
a21 −d2 · · · a2n
· · · · · · · · · · · ·
an1 an2 · · · −dn

 .
If U is a subset of V and v ∈ V, v /∈ U , let
mG(v,U) := ${v → U},
be the number of arcs from v to vertices of U.
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In this article, we consider a special graph G. Fix an integer m(0mn) and let
V = B ∪ C, where B = {v1, v2, . . . , vm}, C = {vm+1, . . . , vn}. Colour each vertex of
the set B black and each vertex of the set C white. Our special graph satisﬁes the
following condition:
(J). (a) aij + aji = 1 if 1 i = jm (i.e. each pair of vertices of the set B is
connected by one and only one arc);
(b) aij + aji = 0 or 2 otherwise.
We denote this graph by Gn,m. If m = 0 or 1, then the matrix A(G) is symmetric, so
is M(G). We view Gn = Gn,0 or Gn,1 as a non-directed graph and the “two-direction
arc" vivj as an edge. Let Gn,m = (V ,E) be a direct graph. A partition  : V = V1∪V2,
is called trivial if V1 = V or V2 = V . Otherwise, the partition  is called non-trivial.
Deﬁnition 2.1. Let Gn,m = (V ,E) be a directed graph. A partition : V = V1 ∪ V2 is
called odd if it satisﬁes one of the following conditions:
(i) There exists a white vertex v ∈ V1 such that mG(v, V2) is odd.
(ii) There exists a white vertex v ∈ V2 such that mG(v, V1) is odd.
(iii) There exist a black vertex v1 ∈ V1 and a black vertex v2 ∈ V2 such that both
mG(v1, V2) and mG(v2, V1) are odd.
(iv) There exist two distinct black vertices v1, v2 ∈ V1 such that mG(v1, V2)+mG(v2, V2)
is odd.
(v) There exist two distinct black vertices v1, v2 ∈ V2 such that mG(v1, V1)+mG(v2, V1)
is odd.
Otherwise the partition  is called even.
Deﬁnition 2.2. Graph Gn,m is called odd if each non-trivial partition of V is odd.
For Gn,m, we have the matrices M(Gn,m) and
N(Gn,m) := M(Gn,m)− diag(
m︷ ︸︸ ︷
1, 1, . . . , 1, 0, 0, . . . , 0)
=


−d1 − 1 a12 · · · a1m a1,m+1 · · · a1n
a21 −d2 − 1 · · · a2m a2,m+1 · · · a2n
...
...
...
...
...
...
...
am1 am2 · · · −dm − 1 am,m+1 · · · amn
am+1,1 am+1,2 · · · am+1,m −dm+1 · · · am+1,n
...
...
...
...
...
...
...
an1 an2 · · · anm an,m+1 · · · −dn


.
It is clear that if m = 0, then M(Gn,m) = N(Gn,m). Let r = rankF2M(Gn,m)
and r ′ = rankF2N(Gn,m) be the ranks of the matrices M(Gn,m) and N(Gn,m) over
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F2 (ﬁnite ﬁeld with 2 elements), respectively. Then rrankQM(Gn,m)n − 1 and
r ′rankQN(Gn,m)n. We have the following nice criterion for oddness of Gn,m:
Theorem 2.3. Let Gn,m = (V ,E) be a directed graph with m black vertices and n−m
white vertices satisfying Condition (J) r = rankF2 M(Gn,m) and r ′ = rankF2 N(Gn,m).
Then, (1) when m > 0, then Gn,m is an odd graph if and only if r = n−1 and r ′ = n;
(2) when m = 0, then Gn,m is an odd graph if and only if r = n− 1.
Proof. Necessity: For Gn,m is an odd graph. If rankF2M(Gn,m) < n−1, then consider
the following linear equations over F2:
M(Gn,m)


x1
x2
...
xn

 =


0
0
...
0

 . (2.1)
We have a solution (c1, c2, . . . , cn) of (2.1) such that (c1, c2, . . . , cn) = (0, 0, . . . , 0)
and (1, 1, . . . , 1). (It is clear that (0, 0, . . . , 0) and (1, 1, . . . , 1) are solutions of (2.1).)
Let
V1 = {vi | ci = 0}, V2 = {vi | ci = 1}.
Then : V = V1 ∪ V2 is a non-trivial partition and
−dici +
n∑
j=1
aij cj = 0, 1 in.
But in F2 we have
dici +
n∑
j=1
aij cj =
n∑
j=1
aij (cj + ci)
=
{∑n
j=1 aij cj =
∑n
j=1,cj=1 aij if ci = 0,∑n
j=1 aij (cj + 1) =
∑n
j=1,cj=0 aij if ci = 1,
=
{
mG(vi, V2) if vi ∈ V1,
mG(vi, V1) if vi ∈ V2.
So
mG(vi, V2) ≡ 0 (mod 2) if vi ∈ V1
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and
mG(vi, V1) ≡ 0 (mod 2) if vi ∈ V2.
Then  is even, which is impossible. Thus rankF2M(Gn,m) = n− 1.
When m > 0, if rank(N(Gn,m) < n, then consider the following linear equations
over F2:
N(Gn,m)


x1
x2
...
xm
xm+1
...
xn


=


1
1
...
1
0
...
0


. (2.2)
We have a solution (c1, c2, . . . , cn) of (2.2) such that (c1, c2, . . . , cn) = (0, 0, . . . , 0)
and (1, 1, . . . , 1). (It is clear that (0, 0, . . . , 0) is not a solution of (2.2) and (1, 1, . . . , 1)
is a solution of (2.2).)
Let
V1 = {vi | ci = 0}, V2 = {vi | ci = 1}.
Then : V = V1 ∪ V2 is a non-trivial partition and in F2 we have
dici +
n∑
j=1
aij cj =
{
ci + 1, 1 im,
0, m < in.
But in F2 we have
dici +
n∑
j=1
aij cj =
n∑
j=1
aij (cj + ci)
=
{∑n
j=1 aij cj =
∑n
j=1,cj=1 aij if ci = 0,∑n
j=1 aij (cj + 1) =
∑n
j=1,cj=0 aij if ci = 1,
=
{
mG(vi, V2) if vi ∈ V1,
mG(vi, V1) if vi ∈ V2.
So for any 1 im, we have
{
mG(vi, V2) ≡ 1 (mod 2) if vi ∈ V1,
mG(vi, V1) ≡ 0 (mod 2) if vi ∈ V2
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and for any m < in, we have
{
mG(vi, V2) ≡ 0 (mod 2) if vi ∈ V1,
mG(vi, V1) ≡ 0 (mod 2) if vi ∈ V2.
By Deﬁnition 2.1 the partition  is even, which is impossible. So rank(N(Gn,m) = n.
Sufﬁciency: Suppose Gn,m is not an odd graph, then there exists a non-trivial partition
: V = V1 ∪ V2, such that  is even.
Let
ci =
{
0 if vi ∈ V1,
1 if vi ∈ V2.
Then in F2 we have
mG(vi, V2) = dici +
n∑
j=1
aij cj , vi ∈ V1
and
mG(vi, V1) = dici +
n∑
j=1
aij cj , vi ∈ V2.
(1) If m > 0, since  is even, we have
dici +
n∑
j=1
aij cj ≡ 0 (mod 2), m < in
and for any 1 im, we have
{
mG(vi, V2) ≡ 0 (mod 2) if vi ∈ V1,
mG(vi, V1) ≡ 0 (mod 2) if vi ∈ V2
or {
mG(vi, V2) ≡ 0 (mod 2) if vi ∈ V1,
mG(vi, V1) ≡ 1 (mod 2) if vi ∈ V2
or {
mG(vi, V2) ≡ 1 (mod 2) if vi ∈ V1,
mG(vi, V1) ≡ 0 (mod 2) if vi ∈ V2.
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That is, for any 1 im, we have
dici +
n∑
j=1
aij cj ≡
{
0 (mod 2) if vi ∈ V1,
0 (mod 2) if vi ∈ V2
or
dici +
n∑
j=1
aij cj ≡
{
0 (mod 2) if vi ∈ V1,
1 (mod 2) if vi ∈ V2
or
dici +
n∑
j=1
aij cj ≡
{
1 (mod 2) if vi ∈ V1,
0 (mod 2) if vi ∈ V2.
So in F2, for (c1, c2, . . . , cn) we have the following three cases:
Case 1:
dici +
n∑
j=1
aij cj = 0, 0 < in.
Case 2:
dici +
n∑
j=1
aij cj =
{
ci, 1 im,
0, m < in.
Case 3:
dici +
n∑
j=1
aij cj =
{
ci + 1, 1 im,
0, m < in.
In Case 1, we know (c1, c2, . . . , cn) (= (0, 0, . . . , 0), (1, 1, . . . , 1)) is a solution of
the following linear equations:
M(Gn,m)


x1
x2
...
xn

 =


0
0
...
0

 .
But rankM(Gn,m) = n− 1, which is impossible.
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In Case 2, we know (c1, c2, . . . , cn) (= (0, 0, . . . , 0)) is a solution of the following
linear equations:
N(Gn,m)


x1
x2
...
xn

 =


0
0
...
0

 .
But rankN(Gn,m) = n, which is impossible.
In Case 3, we know (c1, c2, . . . , cn) (= (1, 1, . . . , 1)) is a solution of the following
linear equations:
N(Gn,m)


x1
x2
...
xm
xm+1
...
xn


=


1
1
...
1
0
...
0


.
But rankN(Gn,m) = n and (1, 1, . . . , 1) is a solution of the last linear equations, it is
impossible. That is Gn,m is odd.
(2) If m = 0, the proof of this case is the same as the case m = 1.
This completes the proof of Theorem 2.3. 
Corollary 2.4. Let Gn = (V ,E) be a non-directed graph with n vertices and r =
rankF2 M(Gn). Then Gn is an odd graph if and only if r = n− 1.
Many odd non-directed graphs can be found easily from Corollary 2.4.
Proposition 2.5. The following non-directed graphs are odd:
• a tree T;
• a cycle Cn with an odd number n of vertices;
• a perfect graph Kn with an odd number n of vertices (for each pair of distinct
vertices vi and vj there exists an edge vivj in Kn).
In the following, an odd directed graph is given by using Theorem 2.3, that is
Proposition 2.6. Let n = 2k + 13 be an odd number and Gn,n = (V ,E) be a
directed graph with n vertices. Its adjacency matrix
A(Gn,n) =


0 1 1 · · · 1 1 0 0 · · · 0
0 0 1 · · · 1 1 1 0 · · · 0
0 0 0 · · · 1 1 1 1 · · · 0
...
...
... · · · ... ... ... ... · · · ...
1 1 1 · · · 1 0 0 0 · · · 0


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is a n-square circulant matrix with the ﬁrst row vector (0,
k︷ ︸︸ ︷
1, . . . , 1,
k︷ ︸︸ ︷
0, . . . , 0). Then
Gn,n is an odd graph.
Proof. It is easy to see that the ranks of
M(Gn,n) =


−k 1 1 · · · 1 1 0 0 · · · 0
0 −k 1 · · · 1 1 1 0 · · · 0
0 0 −k · · · 1 1 1 1 · · · 0
...
...
... · · · ... ... ... ... · · · ...
1 1 1 · · · 1 0 0 0 · · · −k


and
N(Gn,n) =


−k − 1 1 1 · · · 1 1 0 0 · · · 0
0 −k − 1 1 · · · 1 1 1 0 · · · 0
0 0 −k − 1 · · · 1 1 1 1 · · · 0
...
...
... · · · ... ... ... ... · · · ...
1 1 1 · · · 1 0 0 0 · · · −k − 1


over F2 are n− 1 and n, respectively. The result follows Theorem 2.3. 
3. Diophantine equations x2 −Dy2 = −1,±2
Let D = p1p2 · · ·pn > 2 be a square-free integer such that pi ≡ 3 (mod 4), 1 im;
pi ≡ 3 (mod 4), m < in. We now deﬁne a directed graph to which we will apply
the theory of Section 2. Let G(D) be the graph whose vertices are all prime factors
of D. For distinct vertices pi and pj , there is an arc −−→pipj in G(D) iff
(
pi
pj
)
= −1
and pj = 2, where
(
p
q
)
is the Legendre symbol but we assume that
(p
2
) = −1 iff(
2
p
)
= −1.
If n = 1, then we regard the sole graph on {p1} as being odd.
Note: If p ≡ q ≡ 3 (mod 4) then
(
q
p
)
+
(
p
q
)
= 0 by the quadratic reciprocity law.
So we can look at the primes p ≡ 3 (mod 4) as black points and others as white points.
G(D) is well deﬁned as in Section 2.
Theorem 3.1. Let D > 2 be a positive square free integer.
(i) If D ≡ 3 (mod 4) without odd prime factors p ≡ 3 (mod 4) and G(D) is an odd
graph, then x2 −Dy2 = −1 is solvable in integers.
(ii) If D ≡ 3 (mod 8) without odd prime factors p ≡ 5 or 7 (mod 8) and G(D) is an
odd graph, then x2 −Dy2 = −2 is solvable in integers.
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(iii) If D ≡ 7 (mod 8) without odd prime factors p ≡ 3 or 5 (mod 8) and G(D) is an
odd graph, then x2 −Dy2 = 2 is solvable in integers.
Proof. If D = p be an odd prime number, then by Yokoi [20, Corollaries 2 and 3]
Theorem 3.1 is true. Now we consider D as a composite number. Let (x, y) be a
solution of the positive Pell equation x2 −Dy2 = +1 with x > 0 and y > 0 minimal.
Then
(x − 1)(x + 1) = x2 − 1 = Dy2. (3.1)
(i) If D ≡ 3 (mod 4) and no odd prime factors p ≡ 3 (mod 4), then x is odd. Since
(x − 1, x + 1) = 2 and D is square free, this gives
x + 1 = 2f x21 , x − 1 = 2gy21 ,
where f, g, x1, y1 > 0, fg = D and y = 2x1y1. Subtracting gives
f x21 − gy21 = 1. (3.2)
Now if g = 1 and f = D we have a solution immediate to (1.1) of y21 −Dx21 = −1.
If f = 1 and g = D, then we have a new solution x21 −Dy21 = +1 to the positive Pell
equation, with 0 < y1 12y < y, contradiction.
Finally suppose that f, g > 1; we replace (3.2) by the weaker equation
f x21 − gy21 = ±1 (3.2)∗
and prove it insoluble. Write D = p1p2 · · ·pn with pi prime and p1 < p2 < · · · < pn.
Let
V1 = {pi |1 in, pi |f } and V2 = {pi |1 in, pi |g}.
Then, by assumption, V1 ∩ V2 =  = V1, V2. Since G(D) is non-directed graph we
have the adjacency matrix A(G) is symmetric. Furthermore,
∑
p∈V1
mG(p, V2)+
∑
p∈V2
mG(p, V1) ≡ 0 (mod 2). (3.3)
Since G(D) is odd, from (3.3) we can ﬁnd some 2 = p ∈ V1 (or V2) such that
mG(p, V2) (or mG(p, V1)) is odd. We see that the Legendre symbol
(
g
p
)
= −1 (or(
f
p
)
= −1), which contradicts (3.2)∗, since p ≡ 1 (mod 4).
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(ii) D ≡ 3 (mod 8) and no odd prime factors p ≡ 5 or 7 (mod 8). Since (x−1, x+1) =
d, d = 1 or 2 and D is square free, by (3.1), we have
x + 1 = df x21 , x − 1 = dgy21 ,
where f, g, x1, y1 > 0, fg = D and y = dx1y1. Subtracting gives
d(f x21 − gy21 ) = 2. (3.4)
Suppose that f, g > 1; we replace (3.4) by the weaker equation
f x21 − gy21 = ±1,±2 (3.4)∗
and prove it insoluble. Write D = p1p2 · · ·pmpm+1 · · ·pn with pi ≡ 3 (mod 8),
1 im, pi ≡ 1 (mod 8), m < in and m is odd. Let
V1 = {pi |1 in, pi |f } and V2 = {pi |1 in, pi |g}.
Then, by assumption, V1∩V2 =  = V1, V2. If m = 1, then Gn,1(D) is a non-directed
graph and is odd. We can obtain a contradiction by using the similar method of (i).
Now we consider m > 2, and m is odd. Since Gn,m(D) is an odd graph, by Deﬁnition
2.1:
(iia) If there exists p ≡ 1 (mod 8), p ∈ V1 (or p ∈ V2) such that mG(p, V2) (or
mG(p, V1)) is odd, then we see that the Legendre symbol
(
g
p
)
= −1 (or
(
f
p
)
= −1),
which contradicts (3.4)∗.
(iib) If there exist p, q ≡ 3 (mod 8) and p ∈ V1, q ∈ V2 such that both mG(p, V2)
and mG(q, V1) are odd, then the Legendre symbols
(
g
p
)
= −1 and
(
f
q
)
= −1. Hence
both f x2 − gy2 = −1, 2 and f x2 − gy2 = 1,−2 have no solutions in integers, which
contradicts (3.4)∗.
(iic) If there exist p, q ≡ 3 (mod 8) and p, q ∈ V1 (or p, q ∈ V2) such that mG(p, V2)+
mG(q, V2)(mG(p, V1)+mG(q, V1)) is odd. Using the similar method of (iib), we can
obtain a contradiction.
Now if f = 1 and g = D, then by (3.4) we have x21−Dy21 = 2/d, where d = 1 or 2.
Because D ≡ 3 (mod 8), we have d = 2. Hence we have a new solution (x1, y1) satisﬁes
x21 −Dy21 = +1 to the positive Pell equation, with 0 < y1 12y < y, contradiction.
Finally, we consider g = 1 and f = D. By (3.4) we have y21 −Dx21 = −2/d. Again
D ≡ 3 (mod 8) we have a prime p|D, p ≡ 3 (mod 4). So x2 − Dy2 = −1 have no
integer solutions. Hence d = 1, that is y21−Dx21 = −2. We have a solution immediately
to (1.2).
(iii) The proof is similar to the proof of (ii). This completes the proof of Theorem
3.1. 
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Remark 3.2. From the quadratic reciprocity law and Dirichlet’s theorem on prime
numbers in arithmetic progressions it is easy to show that for each directed graph
G, there exist many D such that G(D) = G. We see easily that the graph G(D)
of (i) of Theorem 3.1 is non-directed graph. And if D has only one prime factor
p ≡ 3 (mod 8) in (ii) of Theorem 3.1 or D has only one prime factor p ≡ 7 (mod 8)
in (iii) of Theorem 3.1, then these graphs G(D) are non-directed graph also. So using
Proposition 2.5 we can construct many concrete examples of odd non-directed graphs
G(D). Using Proposition 2.6, we can construct many concrete examples of odd directed
graphs G(D) also.
Corollary 3.3. (i) If p ≡ 3 (mod 8) is a prime number, then x2−py2 = −2 is solvable
in integers.
(ii) If p ≡ 3 (mod 8) and q ≡ 1 (mod 8) are two prime number and
(
q
p
)
= −1, then
x2 − pqy2 = −2 is solvable in integers.
(iii) If pi ≡ 3 (mod 8), i = 1, 2, 3, are distinct primes and
(
p1
p2
)
=
(
p2
p3
)
=
(
p3
p1
)
=
−1, then x2 − p1p2p3y2 = −2 is solvable in integers.
4. The stufes of the rings of integers of imaginary quadratic number ﬁelds
A result of Hilbert states that a totally positive element in an algebraic number ﬁeld K
is a sum of four squares of elements in K; the ﬁrst published proof was given by Siegel
[15]. In particular, if K has no real archimedian primes then −1 is totally positive and
so can be written as a sum of four or fewer squares. The smallest number of squares
possible in such a representation of −1 is called the stufe of K, and is denoted by
s(K). If K has a real prime, one write s = s(K) = ∞. Since −1 = x2 + y2 + z2
implies
−1 =
(
xy + z
y2 + z2
)2
+
(
xz− y
y2 + z2
)2
,
s = 3, and therefore s = 1, 2, 4, or ∞. Of course s = 1 simply means that √−1 ∈ K .
In 1965, Pﬁster [12] proved the following beautiful result for any arbitrary ﬁeld:
For any ﬁeld K, s(K), if ﬁnite, is always a power of 2. Conversely every power of
2 is the stufe of some ﬁeld K.
Moser [9] proved the following result. Let K = Q(√−D), where D is a positive
square-free integer. Then s(K) = 4 iff D ≡ 7 (mod 8).
Let R be a ring with 1 and let the stufe of R (deﬁned as for ﬁelds) be s(R). How
to determined s(R)? Moser [9] also solved this problem for the ring of integers in an
imaginary quadratic number ﬁeld, that is
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Theorem 4.1. Let K = Q(√−D) be an imaginary quadratic number ﬁeld, where D
is a positive square free integer and OK the ring of integers in K.
(i) If D ≡ 7 (mod 8) then s(OK) = 4.
(ii) If D ≡ 7 (mod 8) then s(OK) = 2 or 3.
(iia) If D ≡ 3 (mod 8) then s(OK) = 2 iff (1.2) is solvable in integers.
(iib) If D ≡ 1, 2 (mod 4) then s(OK) = 2 iff (1.1) is solvable in integers.
By using Theorems 4.1 and 3.1 we have the following result:
Theorem 4.2. Let D > 2 be a positive square free integer.
(i) If D ≡ 3 (mod 4) without odd prime factors p ≡ 3 (mod 4) and G(D) is an odd
graph, then the stufe of the ring of integers of the imaginary quadratic number
ﬁeld Q(√−D) is equal to 2.
(ii) If D ≡ 3 (mod 8) without odd prime factors p ≡ 5 or 7 (mod 8) and G(D) is an
odd graph, then the stufe of the ring of integers of the imaginary quadratic number
ﬁeld Q(√−D) is equal to 2.
Corollary 4.3. (i) If p ≡ 3 (mod 8) is a prime number, then the stufe of the ring of
integers of Q(√−p) is equal to 2.
(ii) If p ≡ 3 (mod 8) and q ≡ 1 (mod 8) are two prime number and
(
q
p
)
= −1, then
the stufe of the ring of integers of Q(√−pq) is equal to 2.
(iii) If pi ≡ 3 (mod 8), i = 1, 2, 3, are distinct primes and
(
p1
p2
)
=
(
p2
p3
)
=
(
p3
p1
)
=
−1, then the stufe of the ring of integers of Q(√−p1p2p3) is equal to 2.
5. Sums of three integral squares in imaginary quadratic number ﬁelds
Let K be an algebraic number ﬁeld of degree n with exactly r real conjugates
K(1), . . . , K(r), in particular, the ﬁeld K is totally real in case r = n. A number 
in K is called totally positive,   0, whenever the r conjugates (1), . . . , (r) are all
positive. Siegel had proved the following two theorems in [16]:
Theorem 5.1. Let K be totally real and suppose that all totally positive algebraic
integers are sums of integral squares in K; then K is either the rational number ﬁeld
Q or the real quadratic number ﬁeld Q(√5).
Theorem 5.2. If K is not totally real, then all totally positive algebraic integers are
sums of integral squares in K when and only when the discriminant of K is odd.
These two results are from different aspects of quadratic forms theory: Theorem 5.1
deals with deﬁnite forms, and Theorem 5.2 with indeﬁnite forms. While the proof of
Theorem 5.1 was elegant, albeit surprisingly elementary, Siegel resorted to a general-
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ization of the circle method to show that ﬁve integral squares applies for Theorem 5.2,
and expressed his belief that perhaps four may be possible. Using the modern powerful
machinery of spinor genus, Theorem 5.2 is easily reducible to a local question; in fact,
the conjectured value of four integral squares quickly falls out, i.e.,
Theorem 5.2*. If K is not totally real, then all totally positive algebraic integers are
sums of four integral squares in K when and only when the discriminant of K is odd.
In Theorem 5.1, over Q it is well known that all positive number v are sums of four
squares (Lagrange) and such a v a sum of three squares if and only if v = 4a(8b+ 7)
(Legendre). Maass later showed via function-theoretic means that actually three squares
works for Q(
√
5), see [7].
In Theorem 5.2*, which formally non-real K has all its integers expressible as sums
of three integral squares in K? In general, we consider the following problem. Let K
be a non-totally real algebraic number ﬁeld and OK the ring of integers in K. Set
SK = { ∈ OK | can be expressed as a sum of squares in OK}.
The ﬁrst problem is, what is the SK? The second problem is, which formally non-
real K has all its elements in SK expressible as sums of three integral squares in OK?
When K is an imaginary quadratic number ﬁeld, it is easy to see
Theorem 5.3. Let K = Q(√−D) be an imaginary quadratic number ﬁeld, where D
is a positive square free integer and OK the ring of integers in K. Set
SD = { ∈ OK | can be expressed as a sum of squares in OK}.
Then
SD =

Z⊕ Z
1+√−D
2
, D ≡ 3 (mod 4),
Z⊕ Z2√−D, D ≡ 3 (mod 4).
According to Theorem 4.2, we have the following result:
Theorem 5.4. Let D > 2 be a positive square free integer. (i) If D ≡ 1, 2 (mod 4) with-
out odd prime factors p ≡ 3 (mod 4) and G(D) is an odd graph, then every algebraic
integer in SD can be expressed as a sum of three integral squares in Q(
√−D).
(ii) If D ≡ 3 (mod 8) without any odd prime factor p ≡ 5 or 7 (mod 8) and G(D) is
an odd graph, then every algebraic integer in SD can be expressed as a sum of three
integral squares in Q(
√−D).
The proof of Theorem 5.4 needs the following lemma, that is
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Lemma 5.5. Let R be a commutative ring with 1 and
S := { ∈ R| can be expressed as a sum of squares in R}.
If −1 can be expressed as a sum of two squares in R, then S is a subring of R and
each  ∈ S can be expressed as a sum of three squares in R.
Proof. It is easy to see that S is a subring of R. We only show that any  ∈ S can be
expressed as a sum of three squares in R. Because − ∈ S,
− = x21 + x22 + · · · + x2t , xi ∈ R.
Then there exists a  ∈ R such that
+ (x1 + x2 + · · · + xt + 1)2 = (+ 1)2 − 2.
So there exist x, y, z ∈ R such that
 = x2 − (y2 + z2).
because −1 can be expressed as a sum of two squares in R and using the following
identity
(a2 + b2)(c2 + d2) = (ac + bd)2 + (ad − bc)2,
we can obtain the result. 
Corollary 5.6. (i) If p ≡ 3 (mod 8) is a prime number, then every algebraic integer
can be expressed as a sum of three integral squares in Q(√−p).
(ii) If p ≡ 3 (mod 8) and q ≡ 1 (mod 8) are two prime number and
(
q
p
)
= −1,
then every algebraic integer can be expressed as a sum of three integral squares in
Q(
√−pq).
(iii) If pi ≡ 3 (mod 8), i = 1, 2, 3, are distinct primes and
(
p1
p2
)
=
(
p2
p3
)
=
(
p3
p1
)
=
−1, then every algebraic integer can be expressed as a sum of three integral squares
in Q(
√−p1p2p3).
Remark 5.7. (a) Using Theorems 5.3 and 4.1 and Lemma 5.5, it is easy to obtain the
following result: if K = Q(√−1) or Q(√−2), then every integer in SD (D = 1 or 2)
can be expressed as a sum of three integral squares in K. This result was also solved
by Niven [10], Leahey [6] and Williams [18].
(b) (i) of Corollary 5.6 was solved in Hsia [5]; (ii) and (iii) of Corollary 5.6 were
also solved in Estes and Hsia [3].
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In particular, using some results from the algebraic K-theory of integral quadratic
forms and the theory of spinor genus of quadratic forms, Estes and Hsia [4] gave the
following result:
Theorem 5.8. Let K = Q(√−D) be an imaginary quadratic number ﬁeld, where D is
a positive square free integer and OK the ring of integers in K. Then every algebraic
integer in OK can be expressed as a sum of three integral squares if and only if
D ≡ 3 (mod 8) and D does not admit a positive proper factorization D = d1d2 (i.e.
di > 1) which satisﬁes the conditions: (1) d1 ≡ 5, 7 (mod 8) and (2) (d2/d1) = 1, where
( ∗∗ ) is the Jacobi symbol.
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